Introduction {#Sec1}
============

**Limitations of Petri Nets (PN).** When modelling dynamic systems, formalisms that can handle infinite transition systems are required in several contexts among them: the concurrent execution of parallel sequential processes that produce and consume resources and the dynamical creation of processes. While Petri nets are well suited for specifying the first pattern, their static structure forbids the modelling of the second pattern. Furthermore even the management of an unbounded number of resources by PNs suffers some limitations: the reset operation that cleans a buffer or the transfer operation of a set of resources from one buffer to another one cannot be performed in an atomic way.

**Recursive Petri Nets (RPN).** This formalism has been introduced in order to address the issue of modelling dynamic structures with PN \[[@CR3]\] (see also \[[@CR13], [@CR14]\] for similar models). Roughly speaking, a state of an RPN consists of a tree of *threads* where the local state of each thread is a marking. Any thread fires an *elementary* or *abstract* transition. When the transition is elementary, the firing updates its marking as in Petri nets; when it is abstract, this only consumes the tokens specified by the input arcs of the transition and creates a child thread initialised with the *starting marking* of the transition. When a marking of a thread covers one of the *final markings*, it may perform a *cut* transition pruning its subtree and producing in its parent the tokens specified by the output arcs of the abstract transition that created it. In RPN, reachability, is decidable \[[@CR9], [@CR10]\] by reducing this property to several reachability problems of PNs. Furthermore, the coverability and termination problems of RPNS have the same complexity as the ones of PNs (EXPSPACE-complete, see \[[@CR4]\]). In \[[@CR11]\], several additional features are proposed while preserving the decidability of the verification problems.

**Static Extensions of Petri Nets.** In another direction, PNs have been extended by adding capabilities of transitions while the static structure given by the set of places is unchanged. The reset and transfer arcs allow to perform the corresponding operations by a single transition \[[@CR2]\]. The arcs of self-modifying nets are labelled by expressions in such a way that the numbers of tokens consumed or produced by the transitions depend on the current marking \[[@CR15]\]. Affine Petri nets unifies the previous extensions with a concise syntax \[[@CR6]\]. While reachability becomes undecidable, depending on the model several properties remain decidable including coverability (implying sometimes weak restrictions).

**Our Contribution.** While having a great expressive power, RPN suffer two limitations: (1) they do not include more general features for transitions like reset arcs, transfer arcs, etc. (2) the initial marking associated the recursive "call" only depends on the calling transition and not on the current marking of the caller. So we introduce Dynamic Recursive Petri nets (DRPN) which address these issues. We show that the extensions of Petri nets (discussed above) for which decidability of the coverability problem is preserved are particular cases of DPRN. Then we establish that w.r.t. coverability languages, DRPN are strictly more expressive than RPN. Finally we prove that the coverability problem is still decidable for DRPN.

**Outline.** In Sect. [2](#Sec2){ref-type="sec"} we introduce DRPN, illustrate their modelling capabilities and define a quasi-order between states of DRPN. In Sect. [3](#Sec3){ref-type="sec"}, we study from a theoretical point of view, expressiveness of DRPNs. In Sect. [4](#Sec4){ref-type="sec"}, we establish that the coverability problem is decidable. Finally in Sect. [5](#Sec5){ref-type="sec"}, we conclude and give some perspectives to this work. All missing proofs can be found in \[[@CR8]\].

Dynamic Recursive Petri Nets {#Sec2}
============================
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Definition 1 (DRPN) {#FPar1}
-------------------

A *Dynamic Recursive Petri Net* is a 6-tuple $\documentclass[12pt]{minimal}
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As discussed above, a state of a DRPN is a labelled tree.
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Example 1 (Hiring an assassin) {#FPar4}
------------------------------

In order to illustrate the modelling capabilities of DRPN, we present an example of distributed planning. The DRPN $\documentclass[12pt]{minimal}
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A firing sequence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}_{Jaqen}$$\end{document}$ is presented in Fig. [2](#Fig2){ref-type="fig"} where the vertex who fires the transition is filled in black. The initial assassin first tries to find the target but fails ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r,t_{lost})$$\end{document}$), losing one bitcoin and one day. Then he hires another assassin by firing the abstract transition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r,t_{hire})$$\end{document}$, losing half of his advance money and creating a new vertex *v*), where the hired assassin has two days, an advance of five bitcoins and a promised reward of five bitcoins for completing the job ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(v)=2\overrightarrow{p}_{\!time}+5\overrightarrow{p}_{\!adv}+ 5\overrightarrow{p}_{\!reward}$$\end{document}$). This assassin kills the target and collects the reward ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v,t_{lost})$$\end{document}$ followed by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v,t_{collect})$$\end{document}$). Then using the cut transition he reports it to his employer ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v,\tau )$$\end{document}$), which removes *v* and adds one token to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{dead}$$\end{document}$ in *M*(*r*). Finally the original assassin can collect his money by firing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{collect}$$\end{document}$.

Fig. 2.Firing sequence

**Ordering States of a DRPN.** We now define a quasi-order on the states of a DRPN. Given two states $\documentclass[12pt]{minimal}
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Definition 4 {#FPar5}
------------
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Expressiveness {#Sec3}
==============
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The next proposition is an important ingredient for our expressiveness result (see proof in \[[@CR8]\]). The main idea of this proof consists in considering a PN with enough copies of *P* and *T* such that each copy mimicks the behaviour of a vertex in a state of the RPN with height at most *B* and outgoing degree at most *B* for every vertex. Additional places and transitions allow to express the child relation between vertices and the existence of the vertices in the current mimicked state of the RPN.

Proposition 1 {#FPar6}
-------------
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Proposition 2 {#FPar7}
-------------
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The following proposition is obtained by an adaptation of a result related to the (non) weak computability of sublinear functions in PN \[[@CR12]\].

Proposition 3 {#FPar8}
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Remark 1 {#FPar9}
--------

In the appendix of \[[@CR5]\] Lemma 6 shows that for any RPN language there exists a marked RPN with an initial state consisting of only one vertex. Therefore we will assume in the following that $\documentclass[12pt]{minimal}
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We are now in position to conclude.
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Decidability of the Coverability Problem {#Sec4}
========================================

The *coverability problem* takes as input a DRPN $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$, and two states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_0, s$$\end{document}$ and asks whether there exists a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{0} \xrightarrow {\sigma } s' \succeq s$$\end{document}$. Before developing the proof that the coverability problem is decidable let us describe its scheme.

The algorithm builds a DRPN $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{{\mathcal {N}}}$$\end{document}$ by adding elementary transitions to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$ (Definition [6](#FPar16){ref-type="sec"}). The DRPN $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{{\mathcal {N}}}$$\end{document}$ is equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$ w.r.t. coverability. Furthermore for any firing sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$, there is an equivalent firing sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{\sigma }$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{{\mathcal {N}}}$$\end{document}$ such that in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{\sigma }$$\end{document}$ there is no occurrence of an abstract transition followed later by a matching cut step.The definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{{\mathcal {N}}}$$\end{document}$, is based on several upward closed sets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {N}^P$$\end{document}$: (1) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textit{Endable}({\mathcal {N}})$$\end{document}$, the set of markings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {m}$$\end{document}$ such that from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{\mathbf {m}}$$\end{document}$ one can reach $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bot $$\end{document}$ and (2) for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in T_{ab}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textit{Closed}_t$$\end{document}$ the set of markings from which one can fire *t* and create a vertex whose marking belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textit{Endable}({\mathcal {N}})$$\end{document}$. So we establish that one can compute these sets (Proposition [6](#FPar19){ref-type="sec"}).Afterwards we successively define and solve two intermediate particular coverability problems: (1) the *restricted rooted coverability problem* which takes as input a DRPN $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$, a marking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {m}_0$$\end{document}$, and a state *s* and asks whether there exists a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{\mathbf {m}_0} \xrightarrow {\sigma } s' {}_{\mathbf{Id}}\!\!\succeq s$$\end{document}$ and (2) the *restricted coverability problem* which takes as input a DRPN $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$, a marking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {m}_0$$\end{document}$, and a state *s* and asks whether there exists a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{\mathbf {m}_0} \xrightarrow {\sigma } s' \succeq s$$\end{document}$. The decidability of the latter problem (Theorem [2](#FPar23){ref-type="sec"}) is partially based on the decidability of the former one (Theorem [1](#FPar21){ref-type="sec"}).Finally we solve the coverability problem (Theorem [3](#FPar25){ref-type="sec"}) by a case based analysis of the covering sequence which, depending on the case, is based on either Theorem [1](#FPar21){ref-type="sec"} or Theorem [2](#FPar23){ref-type="sec"}.
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Definition 5 {#FPar14}
------------
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Example 2 {#FPar15}
---------
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Definition 6 {#FPar16}
------------
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The following lemma states the correspondence between $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar17}
-------
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Proof {#FPar18}
-----
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Proposition 6 {#FPar19}
-------------
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Proof {#FPar20}
-----
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Theorem 1 {#FPar21}
---------

The restricted rooted coverability problem is decidable.

Proof {#FPar22}
-----
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Theorem 2 {#FPar23}
---------

The restricted coverability problem is decidable.

Proof {#FPar24}
-----
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Using the previous theorems, we are now in position to decide the coverability problem.

Theorem 3 {#FPar25}
---------

The coverability problem of DRPN is decidable.

Proof {#FPar26}
-----
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Since there are only a finite number of possible $\documentclass[12pt]{minimal}
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Conclusion {#Sec5}
==========

We introduced DRPN that extend recursive Petri nets in several directions. We established that w.r.t. coverability languages, this extension is strict and we have established that the coverability problem is still decidable.

We plan to define a restriction of DRPN for which reachability would be still decidable as in RPN. Moreover since our algorithm is based on backward explorations and our team has already developed an efficient tool for coverability in PN based on such explorations \[[@CR1]\], we want to adapt it for DRPN.
